A comprehensive equation for the pulmonary pressurevolume curve. J. Appl. Physiol. 84(1): 389-395, 1998.-Quantification of pulmonary pressure-volume (P-V) curves is often limited to calculation of specific compliance at a given pressure or the recoil pressure (P) at a given volume (V). These parameters can be substantially different depending on the arbitrary pressure or volume used in the comparison and may lead to erroneous conclusions. We evaluated a sigmoidal equation of the form, V ϭ a ϩ b[1 ϩ e
] Ϫ1 , for its ability to characterize lung and respiratory system P-V curves obtained under a variety of conditions including normal and hypocapnic pneumoconstricted dog lungs (n ϭ 9), oleic acid-induced acute respiratory distress syndrome (n ϭ 2), and mechanically ventilated patients with acute respiratory distress syndrome (n ϭ 10). In this equation, a corresponds to the V of a lower asymptote, b to the V difference between upper and lower asymptotes, c to the P at the true inflection point of the curve, and d to a width parameter proportional to the P range within which most of the V change occurs. The equation fitted equally well inflation and deflation limbs of P-V curves with a mean goodness-of-fit coefficient (R 2 ) of 0.997 Ϯ 0.02 (SD). When the data from all analyzed P-V curves were normalized by the best-fit parameters and plotted as (V Ϫ a)/b vs. (P Ϫ c)/d, they collapsed into a single and tight relationship (R 2 ϭ 0.997). These results demonstrate that this sigmoidal equation can fit with excellent precision inflation and deflation P-V curves of normal lungs and of lungs with alveolar derecruitment and/or a region of gas trapping while yielding robust and physiologically useful parameters. mechanical properties; lung compliance; lung recoil; acute respiratory distress syndrome; pneumoconstriction QUASI-STATIC PRESSURE-VOLUME (P-V) curves have been used in research and in the clinical setting to quantify the elastic properties of the lungs and respiratory system, particularly with respect to changes in surfactant composition (1, 17, 23) , lung recoil (7, 19, 25) , and degree of alveolar derecruitment (24) . Quantification of the curve typically consists of the compliance or specific compliance from the slope of the curve at a given pressure or over some volume range, the measurement of recoil pressure at a given fractional volume, or the measurement of the fractional lung volume remaining at a given inflation pressure. However, because of the nonlinear shape of the P-V curve, the values of these parameters and the changes observed in these parameters can vary substantially depending on the arbitrary pressure or volume used in the comparison. Furthermore, accurate estimation of these parameters may require the collection of data at precise points of the curve or, if such data are not available, extrapolation of the data within a section of the P-V curve, while a substantial fraction of the data is ignored.
Describing the lower portion of the P-V curve could also be important in the management of patients with the acute respiratory distress syndrome (ARDS). The inflation limb of the respiratory system P-V curve has recently been proposed to identify a safe range of ventilatory pressures during mechanical ventilation in patients with ARDS (2, 26) . It has been postulated that ventilator-induced lung injury, occurring in ARDS, is caused by overdistension of alveoli at high transpulmonary pressures and/or by increased forces caused by the repetitive recruitment and derecruitment of alveolar units (10, 18, 31, 32) . In ARDS the inflation limb of the P-V curve has a sigmoidal shape, with a point of rapid change in upward curvature, which will be referred to as ''lower corner pressure'' (P cl ), 1 and a point of rapid change in downward curvature, which will be referred to as ''upper corner pressure'' (P cu ). Physiologically, P cl is thought to correspond to the pressure at which a maximal alveolar recruitment occurs, whereas P cu is thought to represent the pressure above which maximal elastic distension of the lung parenchyma is approached. Mechanical ventilation delivered with airway pressures kept within the range from P cl to P cu is thought to limit alveolar overdistension and maximize recruitment of alveolar units (2, 26) . In practice, these points of maximum curvature are often determined by eye from a plot of the P-V curve, a method that is not only imprecise, but also highly subjective.
Curve fitting of the P-V relationship is one approach to solving these problems. The curve fit permits more accurate extrapolation of the curve over a desired data range. To facilitate comparisons between curves obtained from different subjects or under changing conditions, the volume data are often normalized by total lung capacity (TLC), defined as the lung volume at an arbitrary inflation pressure ranging from 25 to 40 cmH 2 O (4). Because individual data sets rarely reach the exact maximum pressure, TLC values may be more objectively obtained by curve fitting the data. In addition, physiologically meaningful parameters obtained from the fitted model may better characterize the P-V curve over its full range, rather than at an arbitrary specified point. Although only valid for volumes Ͼ50% TLC (27) , the exponential equation proposed by Salazar and Knowles (28) has been most widely utilized to characterize these volumes, and the parameters thus obtained correlated with changes in pulmonary elasticity with aging and smoking (5, 6, 9) and with emphysema, asthma, and interstitial fibrosis (13) (14) (15) . The lower portion of the curve, which has relevance for assessing alveolar recruitment and air trapping, is not described by these models. Polynomial and other models that describe the entire P-V curve have been limited by the lack of physiological significance of the parameters (8) .
Fitting an equation to experimental or clinical P-V data provides a systematic method to characterize P-V curves and derive objective parameters from them. The purpose of this communication is to present a simple form of a sigmoidal equation that fits with remarkable accuracy the inflation and deflation limbs of P-V curves obtained under a variety of experimental and pathological conditions and yields physiologically useful parameters. When the pressure and volume data are expressed in dimensionless form normalized by parameters obtained from the model, the data collapse onto a single comprehensive P-V relationship.
METHODS
A sigmoidal equation of the static P-V curve was formulated as
where V is inflation or absolute lung volume, P is airway opening or transpulmonary pressure, and a, b, c, and d are fitting parameters. Each of these parameters has a physiological correlate (Fig. 1 ). The parameter a has units of volume and corresponds to the lower asymptote volume, which approximates residual volume when absolute lung volume and airway opening pressure are used as units. The parameter b, also in units of volume, corresponds to the vital capacity or the total change in volume between the lower and the upper asymptotes. The parameter c is the pressure at the inflection point of the sigmoidal curve (where curvature changes sign) and also corresponds to the pressure at the point of highest compliance. Finally, the parameter d is proportional to the pressure range within which most of the volume change takes place. The pressures at which the function rapidly changes slope, which we will call lower and upper corner points (P cl and P cu ), can be defined from the intersections between a tangent to the P-V curve at the point of maximal compliance (P ϭ c) and the lower and upper asymptotes, respectively. In Eq. 1 these points can be directly obtained as a function of c and d as P cl ϭ c Ϫ 2d
We assessed the adequacy of this equation by fitting it to P-V data previously obtained from intubated and mechanically ventilated lungs under various pathophysiological conditions (Table 1) . We analyzed inflation and deflation lung P-V curves obtained from a supine dog before and 30 and 60 min after inducing acute lung injury by intravenous injection of oleic acid (0.1 ml/kg). We also analyzed inflation limb P-V data of the respiratory system of 10 mechanically ventilated ARDS patients and deflation P-V data for the right and left lungs from 11 open-chest dogs after unilateral pneumoconstriction created by total occlusion of the left pulmonary artery (PA) (30) .
Inflation limbs of the P-V curves were obtained by manual inflation with calibrated syringes in 8-10 discrete volume steps until an airway opening pressure (Pao) close to 30 cmH 2 O was reached. Deflation limbs of the P-V curves were obtained after an inflation to TLC by withdrawing volume in discrete steps back to atmospheric airway pressure. For each lung volume, Pao was recorded after ϳ5 s to allow the pressure to reach a quasi-steady-state value. Data from dogs in which ARDS was induced by intravenous infusion of oleic acid consisted of transpulmonary pressure, calculated as Pao minus esophageal pressure, vs. total absolute lung volume, estimated as inflation volume plus functional residual capac- (30) . P-V curves were fitted by Eq. 1 in a personal computer using the Levenberg-Marquardt iterative algorithm to minimize the sum of squared residuals. The algorithm was set to run until the resulting sum of squared residuals changed by Ͻ0.0001, yielding estimates of the parameters a, b, c, and d and the best-fit coefficient R 2 .
RESULTS

Equation 1
fitted equally well inflation and deflation P-V curves from normal, ARDS, and pneumoconstricted lungs (Figs. 1-3 ) with mean goodness-of-fit coefficient (R 2 ) of 0.997 Ϯ 0.02 (SE). Review of the fitted parameters revealed the following results. In the dog lung the inflation P cl increased from a negative value (Ϫ21 cmH 2 O) to positive values of 3.2 and 8.7 cmH 2 O at 30 and 60 min after induction of ARDS. In 8 of the 10 ARDS patients, inflation limb P cl was also greater than zero [9 Ϯ 6 (SD) cmH 2 (Fig.  4) closely following Eq. 1 (R 2 ϭ 0.997) and with residuals evenly scattered within a 5% range (Fig. 5) .
DISCUSSION
The major finding of this study is that a simple sigmoidal equation (Eq. 1) fitted with excellent accuracy the inflation and deflation limbs of experimental and clinical P-V curves obtained under a variety of experimental and pathological conditions (R 2 ϭ 0.997). Furthermore, when the pressure and volume data are expressed in dimensionless form and plotted as (V Ϫ a)/b vs. (P Ϫ c)/d, they collapse onto a comprehensive P-V relationship.
For obvious reasons, the sensitivity of the fitting to parameters that depend on data not available is inherently poor, and fitted values of these parameters are unreliable. For example, in Fig. 2 the upper asymptote of the inflation limb in ARDS is never reached, and thus the parameter b obtained from the fitting is not reliable, even though the parameters a, c, and d may be. This limitation should not restrict the usefulness of the equation, since 1) as discussed above in most cases it is not practical, or even desirable, to obtain complete data sets from both asymptotes and 2) only parameters sensitive to data within the measured range are those generally sought. As with any equation, it is important to be aware of this limitation and conduct a parametersensitivity analysis to assess the reliability of the parameters estimated from the curve fit (11) .
An important feature of Eq. 1 is the ability to objectively characterize the P-V relationship and obtain accurate estimates of physiologically relevant parameters. For example, compliance at any pressure or volume, the first derivative of the equation, can be expressed as
From Eq. 2, maximal compliance, or the compliance at the ''most linear'' portion of the P-V curve, occurs at P ϭ c and is equal to b/4d. Recently, there has been increasing interest in the lower and upper portions of the P-V relationship as regions possibly representing recruitment and overdistension of alveoli, respectively. This notion has gained acceptance clinically in ARDS patients as a way to identify safe limits of ventilatory pressures for mechanical ventilation. In the literature, actual P c values have been derived by eye from plotted P-V data, and the definitions for them have been inconsistent. P c has been defined as the points at which the P-V curve consistently separates from a straight line drawn through the most linear portion of the curve (24) or where such a line intersects with lines drawn tangent to the P-V curve at the lowest and highest pressures measured (2, 12) . We chose to define P c as the intersections between a tangent to the P-V curve at its point of maximum compliance (inflection point, c) and the two horizontal 2), Eq. 1 could also be used to define P c in different ways: as the points of maximal upward and downward curvature of the P-V curve (P c ϭ c Ϯ 1.317d), or as the points of maximal rate of change of curvature (P c ϭ c Ϯ 2.29d). A clinically optimal definition of P c remains to be determined.
The following results further illustrate the usefulness of Eq. 1. In the normal lung, alveolar derecruitment at FRC should be minimal, whereas in ARDS, derecruitment should be substantially increased. If the location of P cl on the x-axis reflects the pressure at which rapid alveolar recruitment begins, then in the normal lung P cl should be negative, whereas in ARDS P cl should be shifted to the right and positive. In the dog lung P cl shifted from a negative value in control conditions to a positive value 60 min after induction of ARDS. Similarly, in eight of the ARDS patients P c was greater than zero. These results are therefore consistent with the substantial alveolar derecruitment expected at low levels of lung inflation in ARDS. In the unilaterally left PA-occluded dogs the inflection point, c, was substantially greater in the PA-occluded lung than in the control right lung. This is consistent with the increase in lung recoil, measured at 50% TLC (30) , of the PA-occluded lung caused by hypocapnic pneumoconstriction. However, the difference in lung recoil between the left and right lungs, measured as the horizontal distance between the two curves, is highly dependent on the standard volume selected in the comparison (Fig. 3) .
Other P-V equations. A detailed discussion of equations used to fit P-V data was presented by Murphy and Engel (20) . Of these, the exponential function originally proposed by Salazar and Knowles (28) has the form
where the parameter A, corresponding to TLC, and the parameters B and k reflect the elastic stiffness of the lung. Equation 3 has been widely used to characterize the inflation and deflation limbs of normal human and animal lungs (29) and of lungs affected by several types of diseases, such as emphysema, asthma, fibrosis, and sarcoidosis (13) (14) (15) . Equation 3 fits the P-V data well for lung volumes Ͼ50% of TLC. This is clearly shown in our data, which were well fitted by Eq. 3 for values of (V Ϫ a)/b Ͼ 0.5 (R 2 ϭ 0.993; Fig. 4 ). This agreement is not surprising, since in the upper limit of pressures, where e Ϫ(P Ϫ c)/d 9 1, Eq. 1 converges to Eq. 3 with A ϭ Fig. 4 . Volume (V) normalized by fitted parameters a and b plotted against pressure (P) normalized by fitted parameters c and d. Data points (n ϭ 406) include deflation data from intact right lungs and pneumoconstricted pulmonary artery-occluded left lungs (9 dogs), inflation data of 10 patients with ARDS, and inflation and deflation data from 2 dogs before and after oleic acid-induced lung injury. P-V data collapse into a single comprehensive relationship following Eq. 5 (solid line) and clearly departing from exponential Eq. 3 (dashed line) for volumes Ͻ50% of vital capacity. Fig. 5 . Plot of residuals between measured data in Fig. 4 and Eq. 1.
EQUATION FOR PULMONARY PRESSURE-VOLUME CURVES
including the low range of lung volumes is poorly fitted by Eq. 3 (22) , particularly for lungs with alveolar derecruitment and/or airway closure, such as in ARDS or pneumoconstriction (Figs. 1-3 ). To overcome this poor fitting at low lung volumes, investigators have combined Eq. 3 with first-(3) or third-degree polynomials (16), resulting in improved curve fits, but at the expense of increased number of parameters with little or no physiological meaning. A sigmoidal model of the static P-V curve of the form
where TLC, k 1 , and k 2 are fitting parameters, was proposed by Paiva and co-workers (21) and was shown to be substantially better than Eq. 3 in fitting P-V data for normal human lungs. 
with five fitting parameters, k 1 , k 2 , k 3 , V M , and V m (20) , was also shown to fit extremely well (R 2 Ͼ 0.997) deflation P-V data from normal human lungs that extend to volumes below FRC. Those R 2 values, however, are not directly comparable to those reported in this communication, because they were obtained by curve fitting eye-smoothed lines traced over the data and not the measured data. Obviously, the higher number of parameters in the hyperbolic-sigmoidal equation (5 vs. 4 in Eq. 1) can be expected to yield better fitting to data. It is noteworthy that the single equation proposed here (Eq. 1) could fit this diverse collection of P-V curves, particularly since Eq. 1 is symmetrical 2 with respect to its inflection point. One would not expect a priori actual P-V data to have comparable symmetry, because the mechanical phenomena occurring at each end of the curve are very different. For example, during inflation the lower part of the curve probably reflects a combination of progressive recruitment of closed alveoli and elastic inflation of open lung regions. In contrast, the upper portion of the curve may correspond to approaching the maximal elastic distension of the fully recruited alveoli. Surface phenomena also have characteristics in inflation that are different from those in deflation. It is important to note that although Eq. 1 may be symmetrical, the experimental data sets used were incomplete, in that they did not include data distributed throughout the entire range of the model. Most data sets are biased toward one asymptote. Deflation limbs typically include more data from the upper asymptote; inflation limbs tend to include more data from the lower asymptote. This limitation, however, does not seem to restrict the usefulness of Eq. 1, since in most cases it is not practical, or even desirable, to obtain complete data sets from both asymptotes. Deflation P-V curves generally stop at atmospheric pressure and, in the absence of lung disease and in the intact subject, may not approach the lower asymptote at this pressure. Similarly, it may not be possible to extend an inflation P-V curve to airway pressures high enough to reach the upper asymptote. Although all the data analyzed here fitted the model well, it is possible that Eq. 1 might have to be modified to fit data sets that extend significantly onto both asymptotes. One possible modification may come from the observation that the sigmoidal Eq. 1 presented in dimensionless form as
has a derivative that is bell shaped and approximates to a normal distribution
with standard deviation () being approximately proportional to the parameter d
Aside from their graphical similarity (Fig. 6 ), the derivatives of Eqs. 5 and 6 have the following common characteristics: 1) Both have a maximum value of 0.25 at P ϭ c. 2) Both are asymptotic to 0 as (P Ϫ c)/d = Ϯϱ.
3) Both drop to 20% of the peak at (P Ϫ c)/d Ϸ Ϯ3. 4) Their integral from Ϫϱ to ϩϱ are equal to unity. Thus Eq. 1 in dimensionless form provides a closedform approximation to the integral of normal distribution, an integral that has to be numerically calculated. This observation gives a basis to the intriguing possibility that the sigmoidal shape of the inflation limb of the P-V curve in ARDS could be reflecting the progressive recruitment of alveolar units with a distribution of Pao that follows a normal distribution. Similarly, the upper asymptote of the P-V curve could reflect the distribution of pressures at which all recruitable alveolar units become fully distended. If these distributions had similar characteristics, then the symmetry of Eq. 1 could have a physiological basis. Using these concepts, one can also formulate a P-V equation capable of fitting asymmetric data as the product of a normal-distribution-based recruitment function R(P) R(P) ϭ 
as illustrated in Fig. 7 for arbitrary parameters. As in the hyperbolic sigmoidal equation (22) , the number of parameters has increased to five from four in Eq. 1. Although Eq. 7 has the important advantage of having a mechanistic basis instead of being purely empirical, since Eq. 1 can fit experimental data so well, the increasing number of parameters in Eq. 7 may result in lower parameter sensitivity. In summary, we have formulated a mathematical expression that fits with excellent accuracy (R 2 ϭ 0.997) the inflation and deflation limbs of experimental and clinical P-V curves obtained under a variety of experimental and pathological conditions. The pressure and volume data are plotted normalized by parameters obtained from the model; the data tightly follow a single comprehensive relationship. This equation provides a method to systematically characterize P-V curves and objectively derive physiologically and clinically useful parameters such as vital capacity, maximal inspiratory volume, compliance at different inflation pressures, inflection pressure, and upper and lower corner pressures.
